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Abstract

An iterative analytical method is presented for
the computation of resonant frequencies of high dielec-
tric constant cylindrical resonators in Inhomogeneous
media. Theoretical calculations of barium tetratita-
nate dielectric d~scs above alumina substrates of a

mlcrostrip line agree with measurements of the resonant

frequency to within 0.2 percent.

Introduction

Interest in the utilization of high dielectric
constant resonators has been revived recently because

of the availability of low-loss temperature stable
material~.l,z Se”eraI approximate methods have been

presented for determining the resonant frequency when
such resonators are placed between two conducting

planes perpendicular to the cyl~ndrical resonator’s
axis.3-5 In practice, when a resonator is used in a
microwave circuit employing a mlcrostrlp transmission

medium, the m~crostrip substrate, as well as other

boundaries, significantly alters the resonant fre-

quency predicted from the Idealized conditions usually

assumed. This paper describes an iterative technique

for the calculation of the dielectric resonator’s

resonant frequency (assuming a TEIO~ mode) which con-

siders the substrate material, the ground planes, other

dielectric supports, and the metallic boundaries sur-

round~ng the resonator.

The method imposes inhomogeneous boundary cond~-

tions on the fields m the axial direction to compute

the 6 of the TE106 mode. Then, the wave impedances

at the resonator’s rad~al surface are matched inside

and outside the dielectric material. This process

gives a new corrected resonant frequency, which can

again be used to compute a new 8 of the TEIo~ mode
thereby continuing the iteration. The method con-

verges rapidly to the correct resonant frequency.

Analysis

Figure 1 shows the configuration under analysis,

consisting of a cylindrical resonator (region 3) with

high &r positioned between three layers of (different)

dielectrics (regions 1, 2, and 4). The field compo-

nents for the TE106 mode in the ith region (i = 1 to 5)

are the following:
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where Jo, Ko, and 10 are the appropriate Bessel func-

tions, and

gi(z) = Ai sinh Ciz + Bi cosh Eiz for i = 1,2,4

gi(z) = A, sin <iz + Bicos <iz
1

for i = 3,5

The radial and axial wave numbers (ki and Ei) are

related by the wave equation as

k? = U2UoEi ~ c;
1.

(5)

The minus sign in equation (5) holds for i = 3 and 5.

For the region in which RI < r < R2, the fields are.
assumed to be below cut-off—in the radial direction,

so that

(jk5)2

is a real number.

Of the ten unknown

=L:- U2UOE 5

constants (A: ‘s and B, ‘s).
eight are related by the eight boundary condi~ions for

the tangential fields at the boundary surfaces in the

z direction. The existence of nonzero solutions for

the above linear system implies that

where

ts =

tq =

p=

The relationship between the Ci follows from

k~=k2=k3=k4

Since

<~ = 81T/h~

where 6 defines the mode,

E? = M2’#o(c3 - Ei) - (6%/h2)2
1

i = 1,2,4

<5 = 81r/b2

(6)

(7)
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Equation (6) has, therefore, two unknowns, 15 and

w. Another equation results from the continuity of the

fields at the dielectric disk edge, which can be

written in terms of the wall admittance matching

(8)

where
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Equation (8) together with equations (1) through (3)
yields

JO(k3Rl) Co(jk5Rl)

‘3 J~(k~Rl) + jk5 C~(jk5Rl)
=0 (9)

Results

Equations (6) and (9) were solved iteratively.

The first step is searching for a value of 6 that satis-

fies equation (6) at a given o and then computing w to

satisfy equation (9) for this value of 6 and so on.

NO more than six iterations are necessary to arrive at

a stationary result. The starting frequency was com-

puted from the work of Yee.7

Figure 1 shows the theoretical and experimental

results obtained with a BaTi403 dielectric pill

(E3 = 36.8) enclosed in a cylindrical cavity with a

moving top. The pill was held by a cylindrical foam

with c~ = 1.0 over an alumina substrate with El = 10.0.

For this case, C2 equals E4 equals 1.0. The coupling

was performed by 50!2 microstrip lines etched in the

alumina substrate, and offset from the axis of the

disc.
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Conclusions

An accurate iterative solution to the problem of

finding the resonant frequency of a high dielectric

cylindrical resonator for inhomogeneous media has been

presented. Results of the method agree closely with

measurements.
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Figure 1. Experiment and Theoretical Results
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